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Nomenclature

= parameter defined in Eq. (3)
= Prandtl number for turbulent diffusion
= constant in effective viscosity relation
= dependent variable of interest
= turbulence kinetic energy
= index of radial point in finite-difference grid
= index of axial point in finite-difference grid
= production term in conservation equation
= radial position
= axial velocity
= radial velocity
= axial distance
= increment in axial distance
— turbulence energy dissipation
= stream function
— effective turbulent viscosity
= density
= turbulence vorticity
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Subscripts
o = centerline
+ = position in finite-difference grid halfway between

centerline and first radial location

I. Introduction

THE calculation of most turbulent flows of interest
requires numerical computations. This procedure

introduces another dimension of uncertainty into the
predictions. Errors can arise because of inadequate turbulence
models and/or incorrect empirical constants in addition to an
improper finite-difference formulation of the governing
equations. The purpose of this Note is to illustrate one type of
numerical error.

In the calculation of axisymmetric flows, the centerline can
be formulated in two different manners. Some investigators1'2
have chosen to express the governing equations as limiting
forms on the centerline. Others3 find the appropriate finite-
difference equations by integrating over the grid interval,
thereby avoiding the problem of the indeterminacy of the
diffusion term.

While it may seem that either method is acceptable, we will
show that for compressible flows and certain types of ef-
fective viscosity models, the use of a limiting form of the
governing equations can lead to significant errors in the
results.

II. Analysis
The equations of conservation of linear momentum,

energy, or species mass for an axisymmetric jet with the usual
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boundary-layer simplification can be written in the form:

£^£(^)+/» o,
where \l/ is the stream function defined as:

— = pur
dr

— = -pvr
dx (2)

and F is the appropriate dependent variable, x is the axial
distance, P is a production term, b is an appropriate Prandtl
number, and

(3)

where // is the effective viscosity.
Equations of the form of Eq. (1) can also be written for

turbulence kinetic energy and turbulence energy dissipation if
these quantities are used in the definition of /*.

A number of finite-difference formulations can be used to
put Eq. (1) into a form suitable for digital computation. Away
from the centerline there are no problems; however, at the
centerline, the diffusion term is indeterminate and is often
replaced by

dF
Yx

An alternate formulation of the difference equations in-
volves first integrating the governing equations from the
centerline to the radial position halfway between the cen-
terline and the first grid point.

In both cases, the finite-difference representation of Eq. (1)
at radial positions other than the centerline is:

~ n
Ay

- (<*n.
AJC

(5)

The indices (n,m) refer to the axial and radial grid locations.
At the centerline, the limiting form of the governing equations
results in a finite-difference equation of the form:

Pn,0

The procedure of integrating the equation gives, at the cen-
terline,

(7)

where a+ is the average value of the parameter a between the
centerline and first-radial grid point.

The first formulation, i.e., treating the centerline by a
limiting form of the governing equation, represents the center
of the flow as a singularity. The second formulation couples
the centerline to the remainder of the flowfield. The
distribution of grid points and the dependent variable for
both methods is illustrated in Fig. 1.

Comparison of Eqs. (6) and (7) shows that the two differ
only in the coefficient of the diffusion term. If the ratio of
these coefficients is defined as:

(8)
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Computational Points Table 1 Input parameters for flowfield
calculation

Computational Points

Fig. 1 Grid points and
dependent variables with a)
Eq,(6)andb)Eq.(7).

20 40 60 80 100 120 140 160

Fig. 2 Centerline species concentration with Eq. (6) (——) and Eq. (7)

it is straightforward to show, using the definition of a, that

(9)

The two formulations will lead to different results if the ef-
fective viscosity on the centerline is different from that at the
first radial position. The difference between these values
depends on the nature of the flow (incompressible or com-
pressible) and on the type of effective viscosity model em-
ployed. Since the turbulence viscosity is proportional to the
density, the effect should be observed mostly in compressible
flows where density variations exist in the radial direction.

III. Results
A number of turbulence models and flowfields were

examined. For most combinations, the effect of the specific
type of centerline formulation has an insignificant effect on
the predictions. There is, however, one important exception:
the use of a two-equation turbulence kinetic energy (TKE)
model, such as the k-e or k-u model,4 to predict the behavior
of compressible flow.

The input conditions for the flowfield chosen are given in
Table 1. The k-e two-equation TKE model, with an empirical
correction for compressibility effects,5 was used to calculate
the flowfield. The predictions of the dimensionless centerline
species concentration and the radial distribution of dimen-

Temperature, K
Velocity, m/s
Mole fraction, N2
Mole fraction, O2
Mole fraction, He

Jet

1300
3658
0.713
0.186
0.10

Edge
230
914
0.79
0.21
0.0

1.0 r

0.8

0.6

0.4

0.2

(6)
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Fig. 3 Radial profiles of species concentration at x/R = 40 using Eq.
(6)(——)andEq.(7)(—).

sionless concentration at 40 exit radii from the nozzle are
shown in Figs. 2 and 3. In both cases, the initial number of
grid points for the finite-difference scheme was 13.

It is apparent from the figures that the uncoupled centerline
formulation of Eq. (6) predicts a longer core length and
consistently higher centerline concentrations than does the
coupled formulation of Eq. (7). In addition, the radial
profiles are spiked much more at the centerline in the former
case. Indeed, the concentration distribution in this case is
reminiscent of the qualitative sketch of Fig. la.

The reason for the discrepancy in these two cases has to do
with the effective viscosity model. In the k-e model, dif-
ferential equations of the form of Eq. (1) must be written for
the turbulence kinetic energy k and the dissipation rate e. As
with the other dependent variables, the diffusion of k and e
depends on the value of the turbulent viscosity, p. However, /z
is defined as:

(10)

On the flow centerline, the values of k, e, and /* are isolated,
to a large extent, from the remainder of the flow. Since, in the
initial portion of the jet, the value of k is low at the centerline,
the viscosity is also low there. It increases by the diffusion of
the turbulence from the shear layer. If Eq. (6) is used, the
diffusion will be small, since ^ at the centerline is small.
Hence, it takes a longer time for centerline viscosity to in-
crease than if Eq. (7) were employed.

The viscosity ratio /?, given by Eq. (9), varies throughout
the flowfiel/d. In the calculations presented here, R starts at
1.0 and reaches a minimum value of approximately 0.25 at a
dimensionless axial distance (x/Rj) of about 34. It then in-
creases rapidly to a value of 0.97 at 48 radii downstream and
approaches 1.0 asympotically. At 40 radii, where the con-
centration profiles are shown in Fig. 3, the value of R is 0.525.

Since an analytical solution to the problem is not available,
the "true" solution cannot be unequivocally identified.
However, as the number of grid points in the finite-difference
scheme is increased, the predictions using the limiting form at
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the centerline, Eq. (6), approach those obtained using Eq. (7).
Also, since the latter formulation does not contain the
unrealistic uncoupling of the centerline from the remainder of
the flow, the "true" solution can be approximated with fewer
grid points when the integrated approach is used.
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Laser-Induced Impulse to
a Phenolic Surface
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Introduction

THE phenomenology of laser-induced impulse to a surface
has been studied both in vacuum and under atmospheric

conditions.1'2 This Note examines the transient momentum
transfer in vacuum to graphite and carbon phenolic surfaces
for laser intensities below the threshold for plasma formation.
In vacuum, experimental measurements3 indicate that the
laser-induced breakdown above the carbon phenolic and ATJ
graphite surfaces for 10.6/^ laser beam is of the order of
107 W/cm2. Here we consider intensities below this level.

Analysis
A one-dimensional transient heat conduction problem has

been formulated and applied to carbon phenolic.2 Here we
apply the same analysis to ATJ graphite as well as a carbon
phenolic with different characteristics from that of Ref. 2.
The nominal resin content in the present carbon phenolic is
about 349/o by weight while the previous carbon phenolic has a
resin content of about 1197o. Here we consider the absorption
coefficient for 10.6/i to be 0.62 (Ref. 4), instead of 0.81 (Ref.
2) and use a more recent reaction rate for the pyrolysis.5

Finally, in Ref. 2, the molecular species coming off the
surface in the process of vaporization is assumed to be carbon
(C). However, recent experiments6 indicate that C3 is the
predominant specie in the saturated vapor. In these
calculations, the thermodynamic properties of both ATJ
graphite and carbon phenolic are taken from Ref. 7.
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The laser energy is assumed to be instantaneously absorbed
at the surface. This implies that the absorption length in the
solid is small compared with the characteristic thermal depth.
For the carbon phenolic, which is made with a carbon fiber
content of about 66% by weight and ATJ graphite, the
surface absorption assumption is justified because of short
absorption depth of 10.6/* radiation in carbon (~1//).3 For
the carbon phenolic, which is made with a nominal resin
content of 34% by weight, the phenolic resin decomposes at
an elevated temperature that is below the sublimation tem-
perature of carbon and the phenolic gas is assumed to be able
to escape through the porous carbon char.

The calculation of impulse delivered per unit of incident
energy, i.e., the *'coupling coefficient," requires some
knowledge of the conditions above the solid surface.
Assuming that the vapor temperature immediately above the
surface is the same as the surface temperature, TV = TS; that
the rate of graphite evaporation equals the rate of con-
densation under equilibrium conditions; and that the ac-
commodation coefficient is unity; one then has the Knudsen-
Langmuir expression for vacuum environment

The mass flux m and the surface temperature Ts are obtained
from the energy balance at the solid surface. For the vapor gas
constant, one needs to know the molecular species in the
vapor when vaporization is generated from a surface with a
high-power laser. In studying the characteristics of freejet
vapor expansions created by the pulse-laser vaporization of
graphite materials, Covington et al.6 have observed that the
equilibrium conditions (C3 is the predominant specie) prevail
in the saturated vapor phase at high temperatures. Now that
the vapor pressure is known, one can readily calculate the
integrated coupling coefficient

Idt=[ pvdtl\'
Jo / J o

Results and Discussion
The calculations have been carried out for ATJ graphite

and carbon phenolic. The coupling coefficients for ATJ
graphite and carbon phenolic are given in Fig. 1 as a function
of time with laser intensity varying from 103 to 107 W/cm2.
We first consider the results for ATJ graphite. Before the
surface temperature reaches the sublimation temperature of
graphite, the coupling coefficient is negligibly small. As the
surface temperature passes the sublimation temperature of
graphite, the coupling coefficient rises rapidly and approaches
the asympotic value of approximately 6 dyn-s/J. In order to
present the preceding results in a format that can be readily
compared with some actual measurements in the future, we
plot the coupling coefficients as function of fluence for laser
pulse times of 1, 3, and 20 /xs (Fig. 2). Again, the coupling
coefficients are observed to rise rapidly to the steady-state
value after the appropriate levels of fluence, which
correspond to the sublimation temperature, have been
reached.

After the laser intensity reaches the breakdown threshold
(~107 W/cm2), a plasma is ignited and a steady-state
situation may eventually be attained. Basov et al.8 have
modeled the two-dimensional steady-state plasma by
assuming that the plasma is a completely singly ionized gas.
For the stdady-state coupling coefficient with the plasma, one
gets C~pw2// , where u is the velocity at the surface. From the
results of Basov et al.8 one gets

C«5.5 x 103 (M7/2/I2r\2)ll9

where / is the laser intensity, r is the radius of the beam, X is
the laser wavelength, and M is the atomic weight. The
coupling coefficients for the plasma with r=\ cm are
presented in Fig. 2.


